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Dams are important structures to supply water for irrigation or drinking, to control flood, and to 
generate electricity. In seismic regions, the structural safety of concrete gravity dams is important 
due to the high potential of life and economic loss if they fail. Therefore, the seismic analysis of 
existing dams in seismically active regions is very crucial to predict responses of dams to ground 
motions. In this thesis, earthquake response of concrete gravity dams is investigated using the finite 
element (FE) method. The selected dam is the Pine Flat Dam which is located in the Central Valley 
of Fresno County, California. The dam-water-foundation rock interaction is taken into account in 
developed FE model by considering compressible water, flexible foundation effects, and 
absorptive reservoir bottom materials. In addition, Dams are usually analyzed using deterministic 
analysis method; however, several uncertainties affecting the results should be considered in the 
analyses of dams, such as material properties, inaccuracies of modeling, the water level in the 
reservoir, and the aleatoric nature of earthquakes. Therefore, the uncertainties regarding structural 
data and external actions are considered to obtain the fragility curves of the dam-water-foundation 
rock system. The structural uncertainties are sampled using Latin Hypercube Sampling method as 
a practical and efficient way for addressing such a complex problem. The fragility curves for base 
sliding and tensile cracking limit states are obtained performing non-linear time history analyses. 
Normal, Log-Normal and Weibull distribution types are used in order to fit fragility curves. The 
effect of the minimum principal stress on tensile strength is considered and found to be 
insignificant. It is also found that the probability of failure of tensile cracking is higher than that 
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CHAPTER 1. INTRODUCTION 
1.1. Introduction 
Dams are important structures to supply water for irrigation or drinking, to control flood, and to 
generate electricity. The safety analysis of concrete gravity dams in seismic regions is important 
due to the high potential of life and economic losses if they fail. Many existing dams were built 
using outdated analysis methods and limited understanding of seismicity [1]. In the design of many 
existing dams, dam-water-foundation interactions are known to affect the earthquake response, yet 
they were not considered due to the lack of knowledge or computational resources. The American 
Society of Civil Engineers (ASCE) estimates that out of 90,580 dams in the US, 15,498 (17.12%) 
dams have high potential risk causing loss of life, and 11,882 (13.12%) dams are in the category 
of having the significant economic loss [2]. Therefore, the seismic analysis of existing dams in 
seismically active regions is crucial to predict responses of dams to ground motions. Dams are 
usually analyzed using deterministic analysis methods. However, several uncertainties affecting 
the results should be considered in the analyses of the dams, such as material properties, modeling 
inaccuracies, the water level in the reservoir, and the aleatoric nature of earthquakes [3]. In this 
chapter, a review of published research efforts on these topics is presented. 
1.2. Literature Review 
1.2.1. Dynamic Analysis of Concrete Gravity Dams 
The interaction between dam and reservoir affects is known to affect the seismic response of dams. 
Generally, the concrete dam and foundation rock are modeled by using the finite element (FE) 
method. However, the water effects on dams can be investigated by using different methods, such 
as Westergaard, Eulerian and Lagrangian methods. In the Westergaard approach [4], the dynamic 
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effects of the reservoir are considered by adding mass to represent the reservoir, the water is 
assumed to be incompressible, the dam to be rigid, and the dam vertical upstream face to be 
vertical. Kuo [5] modified this approach by adding mass for different orientations of the upstream 
face, however, the water compressibility and energy loss due to pressure radiation in upstream 
direction were not taken into consideration. In the Eulerian approach, displacement degrees of 
freedom (DOF) are used for the structure and pressure degrees of freedom are used for the fluid in 
order to present fluid-structure system. Due to different DOFs in the structure and the fluid, a 
special-purpose computer program is required to solve the fluid-structure coupled systems. In the 
Lagrangian approach, displacement DOFs are used for both the fluid and the structure. 
Consequently, the Lagrangian approach is a desirable implementation in finite element analyses, 
because equilibrium and compatibility are automatically satisfied at the interface of dam-reservoir. 
Calayir et al. [6] compared Eulerian and Lagrangian solutions of dam reservoir systems. They 
carried out the modal and earthquake response analysis of concrete gravity dam by using a different 
bulk modulus of water for the Lagrangian approach as well as Eulerian approach with the 
incompressible fluid. Their results show that the Lagrangian approach with high values of bulk 
modulus is closer to incompressible fluid solutions. It is also noted that the effect of variation of 
bulk modulus is not important when the bulk modulus is large. In earthquake response analysis the 
ratio of frequencies of the dam-reservoir system and the dam alone determines the importance of 
fluid compressibility. The incompressible fluid assumption is valid when this ratio is bigger than 
two. 
Chopra and Chakrabarti [7] presented a model based on the finite element method to perform a 
two-dimensional linear analysis of earthquake response of concrete gravity dams. The substructure 
approach, the dam, impounded water, and viscoelastic half-plane foundation rock as three 
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substructures of the complete system, were considered. In this method, only the dam is discretized 
into finite elements, but reservoir and foundation are treated as continua. Consequently, it was 
demonstrated that the foundation effect on the response of dams depends on many factors; the 
most significant of which is the ratio of the elasticity modulus of the foundation rock and the dam. 
Also, it was shown that the foundation effect is independent of reservoir effects on the response of 
the dams, apart from the resonant frequencies of the reservoir. The fundamental frequency of the 
dams reduces when the interaction between dam and water is considered. This reduction depends 
on the water depth and the elasticity modulus of the dam, but is independent of whether the 
foundation rock is flexible or rigid. Hydrodynamic effects of the reservoir also decrease the 
fundamental frequency of dam, and similarly, this effect does not depend on the foundation rock 
material properties. In addition, the earthquake analysis of Pine Flat Dam showed hydrodynamic 
effects increases the displacements and stresses on the dam. 
Fenves and Chopra [8] presented a substructure analysis procedure to compute the response of 
concrete gravity dams subjected to ground motion, in which reservoir bottom absorption and dam-
water-foundation rock interaction were considered. In this procedure, a reservoir bottom which 
partially absorbs the hydrodynamic pressure waves was used to model fluid and reservoir bottom 
material interaction. It was concluded that this procedure supplied an effective and efficient tool 
to compute earthquake response of concrete gravity dams. 
Fenves et al. [9] conducted research on linear earthquake behavior of concrete gravity dams. 
Different properties of reservoir bottom materials and several assumptions for impounded water 
were taken into consideration. Their research results showed that the earthquake response 
increased when the dam-reservoir interaction was considered. However, the reservoir bottom 
materials reduced the dam’s earthquake response, but the magnitude of this effect depends on the 
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component of earthquake motion considered and the flexibility of foundation rock. Reservoir 
bottom absorption has a significant effect on the response of dams to the vertical component of the 
earthquake motion regardless of the foundation condition. However, it has less effect on the 
response to the horizontal component of earthquake motion especially when flexible foundation is 
considered. When the reservoir bottom materials like alluvium and sediments are taken into 
consideration, the analyses give more realistic results to estimate the response of dams to 
earthquakes. 
Chopra and Fenves [10] further developed their simplified analysis procedure for concrete gravity 
dams to take account of the effects of the interaction between dam and foundation rock and of the 
materials in the reservoir bottom. Moreover, a “static correction” method is added to compute the 
contribution of the higher modes to the response of the dam. This analysis procedure is based on 
the response of the dams due to fundamental vibration mode predicted directly from earthquake 
design spectrum and recommended for safety evaluation and preliminary design of the concrete 
gravity dams. 
Lotfi et al. [11] developed a two-dimensional technique to compute the response of gravity dams 
to earthquake including dam-water, dam-foundation rock, and water-foundation rock interactions. 
The first advantage of the technique is that it permits treatment of layered foundations. Another 
advantage is that the continuity of displacements and stress is imposed into the reservoir-dam 
interface in order to take into consideration all interactions. The solid substructure was assumed 
isotropic, linearly viscoelastic and the fluid was assumed inviscid. In this technique, the system 
was divided vertically into three sub-regions, as seen in Figure 1.1. Hyper elements were 
developed to model concrete gravity dams by layering the foundation of the system. To 
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demonstrate the accuracy of the developed technique, the results of the analysis were obtained and 
presented for the dam-water-foundation systems. 
 
 
Figure 1.1. Sub-regions of the system [11] 
 A standard finite element formulation was used by Fenves et al. [12] to investigate the fluid 
cavitation effect on the response of the coupled system. The fluid is modeled as a bilinear 
compressible material. The non-linear analysis results showed that cavitation affects the 
earthquake response of concrete gravity dams, however, this effect is small on the maximum 
displacement and stresses of the dam. 
Dominguez et al. [13] carried out research on the response of concrete dams to earthquake loads 
including dam-water-sediment-foundation rock interactions. The Boundary Element Method was 
used in their analysis procedure to investigate the effects of foundation flexibility with full and 
empty reservoir cases, and the effects of reservoir bottom materials on the dam response. The 
results were mostly in agreement when compared to previous studies by Fenves and Chopra [14] 
and Lotfi et al. [11] in which finite element method used. However, in the full reservoir with half 
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space case, the results were not in agreement with the analysis results by Fenves and Chopra [14]. 
The cause of the disagreement was due to excessive damping of the system used by Fenves and 
Chopra [14] because of the reservoir’s bottom absorbing boundaries. 
Chavez and Fenves [15] studied the sliding response of concrete gravity dams. In this study, the 
base sliding is modeled using the Mohr-Coulomb model. According to that model, sliding occurs 
when the total force exceeds the sliding capacity of the dam-foundation rock interface. Also, the 
factor of safety is calculated with the ratio of total resistance forces (frictional force and cohesion 
of the interface) to the total shear forces (horizontal hydrostatic and hydrodynamic force and 
earthquake force). In evaluating the sliding response of the dam, they considered: peak ground 
acceleration, foundation rock flexibility the coefficient of friction, cohesion and water 
compressibility. Only the horizontal component of the earthquake was applied in the study. It was 
found that these parameters have a significant effect on the sliding response of concrete gravity 
dams. It is stated that the effect of dam-foundation rock interaction must be included in evaluation 
procedures of sliding response.  
Leger et al. [16] evaluated different earthquake input methods to determine the more suitable 
methods for time-domain analysis of dam-foundation rock system, which are the standard rigid-
base (Model A), the massless foundation (Model B), the deconvolved-base-rock (Model C), and 
the free-field dam-foundation (Model D) input models shown in Figure 1.2. In the standard rigid 
base model, the free-field ground motion input is applied at the rigid base, and the motion is 
transmitted vertically through the deformable foundation rock. When the seismic wave reaches the 
dam, it will not have the same intensity and frequency content. However, the application of this 
input procedure is very simple, because it does not require any modification of input motion. In 
the massless foundation model, the foundation of the system is assumed massless to only consider 
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its flexibility effects. The advantage of this method is that in the absence of the foundation mass, 
vibration properties of the dam will not be affected by foundation mass. The deconvolved-base-
rock input model is a more realistic approach to define appropriate input mechanism, however, 
this requires deconvolution analysis. The main advantage of this method is that the interaction 
between dam and foundation is well-presented. In the free-field input method, the ground motion 
acceleration was applied at the base of the dam by rewriting the equation of motion. It was found 
that the rigid-base input model overestimates the response of the system, the massless foundation, 
the deconvolved-base-rock, and the free-field dam-foundation input models were efficient to 
evaluate the earthquake response of the dam-foundation system. The efficiency of the massless 
foundation input model depends on what damping level is used. In order to get accurate results, 
the damping effects of the foundation should be provided in mathematical formulations. 
 
Figure 1.2. Representation of the four proposed earthquake input methods [16] 
Kartal [17] presented a three-dimensional earthquake analysis of RCC dams. In the analysis, 
geometrical, material, and connection non-linearities were considered. In order to represent infinite 
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boundaries, viscous dampers were defined in the earthquake analysis, and the results of the static 
analysis were used as initial conditions. It was observed that principle stresses were lower in the 
non-linear analyses than linear analyses. It was also found that hydrodynamic pressure increased 
the displacements and principle stresses although no separation contact condition defined between 
front soil and the dam. In addition, it was suggested that in earthquake analysis, the gravity effect 
and hydrostatic pressure should be used as initial conditions. 
Lokke et al. [18] developed a method based on response spectrum analysis (RSA), in which the 
peak response is estimated from the earthquake design spectrum. In order to improve the accuracy 
of the response spectrum analysis procedure, the beam formulas technique was used. In addition, 
to accurately compute the stresses on the downstream face of the dam using beam formulas, a 
correction factor was included. It was found that RSA is sufficient for estimating dam response to 
the ground motion. 
1.2.2. Reliability Analysis of Concrete Gravity Dams 
The first probabilistic seismic analysis of concrete gravity dams was carried out by de Araujo et 
al. [19]. In this paper, material properties such as; concrete compressive and tensile strength, 
adhesion between dam and foundation, and seismic excitation were assumed to be random 
variables. Excitations were artificially generated using non-stationary stochastic process. Monte 
Carlo Simulation method was used to handle the simulation of uncertainties. The probability of 
failure was calculated for different limit state functions; concrete crushing at the toe, concrete 
cracking at the heel of the dam, and base sliding for 50 simulations. The cumulative distribution 
functions were also obtained. 
Tekkie and Ellingwood [20] presented a methodology to obtain fragility curves of concrete gravity 
dams by considering both material and seismic uncertainties. In this paper, Latin Hypercube 
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sampling (LHS) was used to handle the effect of uncertainties and reduce the high computational 
effort of Monte Carlo simulation. Twelve model samples based on LHS were considered, and each 
of these models was analyzed at six different seismic intensity levels for each of 12 selected 
earthquake records. A total of 72 simulations were conducted, because each ground motion was 
randomly paired with each of models. Four different limit states are considered, cracking at the 
neck (LS1), foundation material compressive failure at the toe (LS2), sliding at the dam-foundation 
interaction (LS3), and deflection of the crest relative to the base. It was found that LS3 and LS4 
are more likely to occur than LS1 and LS2, from Figure 1.3. 
 
Figure 1.3. Seismic fragility curves with four LSs ([21] adapted from [20]) 
Ghanaat et al. [22] studied the seismic fragility analysis of concrete gravity dams. The parameters 
of 10 dam-water-foundation rock models were randomly selected from their probability 
distribution using Latin Hypercube Sampling method. Earthquake ground motion, concrete and 
rock elastic modulus, concrete damping, tensile strength, friction angle, cohesion and drain 
efficiency were taken into account as random variables. Non-linear time history analyses were 
performed for each intensity level from 0.05 to 1.1g by incrementing 0.05g. It was assumed that 
the base and neck sliding failures occur when the shear force exceeds the shear capacity at the base 
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and neck, respectively. The fragility curves were fitted using a Weibull cumulative distribution. 
Figure 1.4 shows the fragility curves from this study. 
 
Figure 1.4. Fragility curves for base sliding and neck sliding [22] 
A probabilistic method was presented by Callari et al. [3] to investigate the probability of failure 
of concrete gravity dams. In this analysis method, uncertainties are divided into two categories; 
uncertainties related to external actions and those related to material properties. Many failure 
modes were taken into consideration such as base sliding, neck sliding, and cracks at the upstream 
and downstream face of the dam. The random variables were generated using Monte Carlo 
Simulations. From these simulations fragility curves were obtained, which revealed that the effect 
of material properties has a minor effect on the system probability of failure. In contrast, the effect 
of reservoir water level increment is significant, and the probability of failure increases with the 
increase in water level. 
A strategy was developed by Garcia et al. [23] to investigate the effect of spatial variability of 
strength parameters. Four different approaches were considered; (1) parameter average with no 
data, (2) parameter average with data, (3) parameter average with variance reduction factor, (4) 
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spatially variable strength. In approaches (3) and (4), the failure probability was locally taken into 
consideration with parameter and spatial variability of influencing factors. Using the Mohr-
Coulomb strength model, the limit state function of the system for the base sliding of the dam was 
defined. It was concluded that the probability of failure without considering spatial variability is 
larger than that with considering spatial variability. However, the difference between these 
probabilities of failure is not significant. Consequently, it was concluded that both deterministic 
and reliability analyses should be performed to understand the risk assessment of the structures. 
Shi et al. [24] carried out a reliability analysis to investigate the sensitivity of random variables for 
cracks at upstream and downstream faces of the dam, and base sliding along dam-foundation rock 
interface. Also, line sampling method was introduced to calculate the probability of failure of the 
system. The probabilities obtained by line sampling method were compared to those obtained by 
Monte Carlo method. Results showed that the line sampling method is consistent, and it requires 
less computational effort to calculate the probability of failure compared to Monte Carlo 
simulations. In addition, the sensitivity analysis showed that failure is significantly sensitive to 
reservoir water level and the cohesion of dam-foundation interface. 
Bernier et al. [1] obtained the fragility curves for the base and neck sliding response of the concrete 
gravity dam. In this study, friction coefficient, cohesion, damping, vertical to horizontal peak 
ground acceleration ratio, drain efficiency and tensile strength parameters were assumed to be 
random variables. In addition, the spatial variation of the friction coefficient was included in the 
analyses. The earthquake was also assumed to be a random variable to consider its aleatoric nature. 
Twenty earthquake ground motions were generated based on the dam site seismic characteristic 
using the stochastic finite-fault method. A total of 160 non-linear time history analyses were 
performed for 8 spectral accelerations and 20 sample models in order to generate fragility curves 
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of the Outardes-3 Dam. The fragility curves for base and neck sliding can be seen in Figure 1.5. 
Normal, Log-Normal, and Weibull cumulative distribution types are used to fit fragility curves to 
obtained data. Results showed that Log-Normal cumulative distribution offers the best fit. Also, it 
was found that the spatial variation of the angle of friction at dam-foundation rock interaction is 
not significant when the seismic intensity level is low. 
 
Figure 1.5. Fragility curves for (a) base sliding and (b) neck sliding [1] 
1.3. Analysis Methods 
1.3.1. Frequency Domain Analysis 
In 1984, Fenves and Chopra [14] presented an analytical procedure in order to compute dynamic 
responses of concrete gravity dams to earthquake ground motion. The equation of motion is 
presented based on substructure method, for the dam, foundation rock and reservoir as shown in 
Figure 1.6. In this procedure, the system model is two dimensional and dam-water and dam-




Figure 1.6. Dam-water-foundation rock system [14] 
1.3.1.1. Dam substructure 
The finite element equation of motion for two-dimensional dam: 






(𝑡) + 𝑅𝑐(𝑡)     (1.1) 
where 𝑚𝑐, 𝑐𝑐, and 𝑘𝑐 are mass, damping, and stiffness, respectively, for the finite element of the 




are unit vectors; 𝑎𝑔
𝑥(𝑡) and 𝑎𝑔
𝑦
(𝑡) are horizontal and vertical ground accelerations, respectively; 





Figure 1.7. Dam substructure [14] 
Equation 1.1 can be expressed in terms of complex-frequency functions by considering harmonic 
ground accelerations in the 𝑙 = 𝑥 (horizontal), or  𝑙 = 𝑦 (vertical) direction.  
𝑟𝑐(𝑡) = 𝑟 𝑐
𝑙 𝑒𝑖𝜔𝑡, 
𝑅𝑐(𝑡) = 𝑅 𝑐
𝑙 𝑒𝑖𝜔𝑡, 
𝑅ℎ(𝑡) = 𝑅 ℎ
𝑙 𝑒𝑖𝜔𝑡, 
𝑅𝑏(𝑡) = 𝑅 𝑏
𝑙 𝑒𝑖𝜔𝑡, 
where 𝑟𝑐(𝑡) is the frequency response function containing 𝑥 and 𝑦 component of displacement. By 
partitioning 𝑟𝑐 into 𝑟1for nodal points above base and 𝑟𝑏 for nodal points on base, Equation 1.1 can 














} = − {
𝑚1𝑙
𝑚𝑏1𝑏





}  (1.2) 
where 𝑅ℎ is dynamic forces, 𝑅𝑏 is dam-foundation rock interaction forces; ŋ𝑠 is the hysteretic 
damping constant for the concrete of dam. 
1.3.1.2. Foundation Rock Substructure 











}       (1.3) 
In order to express the forces and displacements at the foundation can be expressed in term of the 
frequency response functions, 𝑅𝑓 = 𝑅𝑓(⍵)𝑒
𝑖𝜔𝑡 and 𝑟𝑓 = 𝑟𝑓(⍵)𝑒
𝑖𝜔𝑡. Similarly, hydrodynamic 
forces and displacements at the reservoir bottom can be expressed in term of frequency response 
functions; 𝑄𝑓 = 𝑄𝑓(⍵)𝑒
𝑖𝜔𝑡 and 𝑞𝑓 = 𝑞𝑓(⍵)𝑒
𝑖𝜔𝑡. Equation 1.3 can be expressed as: 
𝑞(⍵) = 𝑆𝑞𝑞
−1(⍵) [𝑄ℎ(⍵) − 𝑆𝑟𝑞
𝑇 (⍵) 𝑟𝑓(⍵)]       (1.4) 
𝑆𝑓(⍵) 𝑟𝑓(⍵) = 𝑅𝑓(⍵) − 𝑆𝑟𝑞(⍵) 𝑆𝑞𝑞
−1(⍵) 𝑄ℎ(⍵)      (1.5a) 
where  
𝑆𝑓(⍵) = 𝑆𝑟𝑟(⍵) − 𝑆𝑟𝑞(⍵) 𝑆𝑞𝑞
−1(⍵) 𝑆𝑟𝑞
𝑇 (⍵)       (1.5b) 
𝑆𝑓(⍵), the dynamic stiffness matrix can be calculated for homogeneous, viscoelastic half-plane 
and accounting the data in ([25], [26]). 
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1.3.1.3. Dam-Foundation Rock System 
 
Figure 1.8. Foundation rock substructure [14] 
Using the compatibility and equilibrium of the dam foundation interaction, Equation 1.5a becomes 
Equation 1.8; by substituting Equation 1.8 in Equation 1.2 yields Equation 1.9: 
𝑅 𝑏
𝑙 (⍵) + 𝑅𝑓(⍵) = 0  from equilibrium      (1.6) 
𝑟 𝑏
𝑙 (⍵) = 𝑟𝑓(⍵)  from compatibility      (1.7) 
𝑅 𝑏
𝑙 (⍵) = −𝑆𝑓(⍵) 𝑟 𝑏
𝑙 (⍵) − 𝑆𝑟𝑞(⍵) 𝑆𝑞𝑞























−1 𝑄ℎ(⍵)  
}          (1.9) 
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1.3.1.4. Reduction of Degrees of Freedom 
Since Equation 1.9 includes a large set of degree of freedoms resulting in a large number of 
frequency-dependent and complex-valued equations, the computation of these equations is 
computationally expensive. Therefore, the reduction in the number of these equations is very 
significant by reducing the number of degree of freedoms. The Ritz concept is convenient to reduce 
the number of DOF in interacting structural systems [27]. The complex-valued frequency response 
functions for the generalized coordinates: 
𝑟𝑐
𝑙
(𝜔) = ∑ 𝑍𝑗
𝑙
(𝜔)𝐽𝑗=1 𝜓𝑗         (1.10) 
where 𝜓𝑗 is the j
th Ritz vector and 𝑍𝑗(𝜔) is the corresponding generalized coordinate. By solving 
Equation 1.11, the Ritz vector 𝜓𝑗 and the vibration frequencies can be obtained: 
[𝑘𝑐 + ?̃?𝑓(0)]𝜓𝑗 = 𝜆𝑗





]          (1.12) 
Equation 1.13 can be obtained by substituting Equation 1.10 into Equation 1.9, utilizing the 
orthogonality properties of eigenvectors, and multiplying 𝜓𝑗
𝑇 since 𝜓𝑗
𝑇𝑚𝑐𝜓𝑗 = 1. 
𝑆(𝜔)𝑍
𝑙
(𝜔) = 𝐿𝑙(𝜔)          (1.13) 
where  
𝑆𝑛𝑗(𝜔) = [−𝜔
2 + (1 + 𝑖ŋ𝑠)𝜆𝑛
2 ]𝛿𝑛𝑗 + 𝜓𝑛









𝑙 (⍵) − 𝜓𝑏𝑛
𝑇 𝑆𝑟𝑞(𝜔) 𝑆𝑞𝑞
−1(𝜔) 𝑄ℎ(⍵)    (1.14b) 
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in which 𝛿𝑛𝑗 is the Kronecker delta function; and 𝜓𝑛
𝑓
 is a sub-vector of 𝜓𝑛 that contains only the 
elements corresponding to the nodal points at the upstream face of the dam. Consequently, 
Equations 1.13 and 1.14 can be accurately solved by a small number of Ritz vectors, typically less 
than ten, which shows significant reduction in the required computational effort [7].  
1.3.1.5. Fluid Domain Substructure 
 
Figure 1.9. Fluid domain substructure [14] 
The hydrodynamic forces, Rh (t) and Qh (t), can be expressed in terms of accelerations of the 
upstream face of the dam and the reservoir bottom by analysis of the fluid domain. The two-
dimensional wave equation for the water, assuming it is linearly compressible, with small 











          (1.15) 
where 𝑝(𝑥, 𝑦, 𝑡) is the hydrodynamic pressure and 𝐶 is the pressure waves’ velocity in water. 
𝑝(𝑥, 𝑦, 𝑡) can be expressed as 𝑝(𝑥, 𝑦, ⍵)𝑒𝑖𝜔𝑡 in the frequency domain. Therefore, Equation 1.15 











𝑝 = 0          (1.16) 
The boundary conditions in the upstream face of the dam give Equation 1.17 [27], and the 
boundary conditions in the bottom of the reservoir give Equation 1.18. The free surface at the top 
of the reservoir gives Equation 1.19 by neglecting surface waves known to be small [28].  
𝜕𝑦
𝜕𝑥
𝑝(0, 𝑦, ⍵) = −𝜌 [𝛿𝑥𝑙 + ∑ 𝜓𝑗(𝑦)
𝐽
𝑗=1 ?̈? 𝑗
𝑙(⍵)], 𝑙 = 𝑥, 𝑦    (1.17) 
𝜕𝑦
𝜕𝑦
𝑝(𝑥, 0, ⍵) = −𝜌 [𝛿𝑦𝑙 − ⍵
2𝑞
ℎ
(𝑥, ⍵) + ∑ 𝜒𝑗(𝑥)
𝐽
𝑗=1 ?̈? 𝑗
𝑙(⍵)], 𝑙 = 𝑥, 𝑦  (1.18) 
𝑝(𝑥, 𝐻, ⍵) = 0          (1.19) 
where ρ is the density of water; 𝛿𝑘𝑙 is Kronecker delta function; 𝜓𝑗(𝑦),  𝜒𝑗(𝑥) and 𝑞ℎ(𝑥, ⍵) are 
the continuous functions; 𝐻 is the impounded water depth. Helmholtz equation (Equation 1.16) is 
solved for the boundary conditions in Equations 1.17 to 1.19. 
Absorptive Reservoir Bottom: 
By grouping the acceleration terms in Equation 1.18 for the boundary condition at the bottom of 
the reservoir, we can obtain Equation 1.20. The left side of this equation contains the water-
foundation rock effects. 
𝜕𝑦
𝜕𝑦
𝑝(𝑥, 0, ⍵) − 𝜌⍵2𝑞
ℎ
(𝑥, ⍵) = −𝜌 [𝛿𝑦𝑙 + ∑ 𝜒𝑗(𝑥)
𝐽
𝑗=1 ?̈? 𝑗
𝑙(⍵)], 𝑙 = 𝑥, 𝑦  (1.20) 
Hydrodynamic wave absorption by the reservoir bottom materials can be represented by one 
dimensional and independent of the thickness of these materials. Therefore, the frequency response 
function for the vertical displacement at the reservoir bottom can be expressed: 
𝑞
ℎ
(𝑥, ⍵) = −𝐶(⍵)𝑝(𝑥, 0, ⍵)         (1.21) 
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where 𝐶(⍵) is compliance function for reservoir bottom materials, this matrix can be solved by 
using one-dimensional Helmholtz equation: 





)          (1.22) 
where 𝐶𝑟 = √
𝐸𝑟
𝜌𝑟⁄  , 𝐸𝑟 and 𝜌𝑟 are the Young’s modulus and the density of reservoir bottom 
materials, respectively. Due to imaginary-valued compliance function, 𝐶(⍵), the wave absorptive 
model supplies an additional damping into the system. By substituting Equations 1.21 and 1.22 




− 𝑖⍵𝑞] 𝑝(𝑥, 0, ⍵) = −𝜌 [𝛿𝑦𝑙 + ∑ 𝜒𝑗(𝑥)
𝐽
𝑗=1 ?̈? 𝑗
𝑙(⍵)],  𝑙 = 𝑥, 𝑦  (1.23) 
where the damping coefficient 𝑞 = 𝜌/𝜌𝑟 𝐶𝑟. However, the wave reflection coefficient 𝛼 is 
frequently used in analyses; and the relation between the damping coefficient and the wave 




           (1.24) 
Hydrodynamic Pressure Terms Solutions: 
The linear form of the frequency response function: 
𝑝𝑙(𝑥, 𝑦, ⍵) = 𝑝 0




𝑓(𝑥, 𝑦, ⍵) + 𝑝 𝑗
𝑏(𝑥, 𝑦, ⍵)], 𝑙 = 𝑥, 𝑦 (1.25) 
When Equation 1.16 is solved for the boundary conditions described next, the hydrodynamic 
pressures due to the ground acceleration of the rigid dam are given for each ground acceleration 
direction separately. First, the hydrodynamic pressure, 𝑝 0










− 𝑖𝜔𝑞] 𝑝(𝑥, 0, ⍵) = 0         (1.26) 
𝜕
𝜕𝑥
𝑝(𝑥, 𝐻, ⍵) = 0 
The corresponding hydrodynamic pressure, 𝑝 0








− 𝑖𝜔𝑞] 𝑝(𝑥, 0, ⍵) = −𝜌         (1.27) 
𝜕
𝜕𝑥
𝑝(𝑥, 𝐻, ⍵) = 0 
The complex-valued frequency response functions 𝑝 0
𝑙 (𝑥, 𝑦, ⍵) and 𝑝 𝑗
𝑓(𝑥, 𝑦, ⍵) can be obtained 
using standard solution methods for boundary value problems. 
𝑝 0












𝑛=1    (1.28a) 
  𝑝 0













       (1.28b) 
𝑝 𝑗












𝑛=1    (1.28c) 







∫ 𝑌𝑛(𝑦, 𝜔) 𝑑𝑦
𝐻
0




∫ 𝜓𝑗(𝑦) 𝑌𝑛(𝑦, 𝜔) 𝑑𝑦
𝐻
0









𝑖𝜇(𝜔)𝑦 + [𝜇𝑛(𝜔) − 𝜔𝑞]𝑒
−𝑖𝜇(𝜔)𝑦}   (1.29d) 
Now, the hydrodynamic forces acting at the upstream face of the dam and at the reservoir bottom 
are: 
?̅?ℎ
𝑙 (𝜔) = ?̅?𝑜
𝑙 (𝜔) + ∑ ?̈? 𝑗
𝑙(⍵)𝐽𝑗=1 [?̅?𝑗
𝑓(𝜔) + ?̅?𝑗
𝑏(𝜔)]      (1.30a) 
?̅?ℎ(𝜔) = ?̅?𝑜
𝑙 (𝜔) + ∑ ?̈? 𝑗
𝑙(⍵)𝐽𝑗=1 [?̅?𝑗
𝑓(𝜔) + ?̅?𝑗
𝑏(𝜔)]      (1.30b) 
1.3.1.6. Dam-Water-Foundation Rock System 




(𝜔) are substituted into Equations 1.13 and 1.14, we will 
get: 
?̃?(𝜔)?̅?𝑙(𝜔) = ?̃?(𝜔)          (1.31) 
where ?̃? and ?̃?: 
?̃?𝑛𝑗(𝜔) = [−𝜔
2 + (1 + 𝑖ŋ𝑠)𝜆𝑛
2 ]𝛿𝑛𝑗 + 𝜓𝑛





















𝑙 (⍵) − {𝜓𝑏𝑛}
𝑇𝑆𝑟𝑞(𝜔) 𝑆𝑞𝑞
−1(𝜔)?̅?0
𝑙 (𝜔)    (1.32b) 
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Dam-water interaction, dam-foundation rock interaction, dam-water-foundation rock interaction 
and reservoir bottom effects are represented in Equations 1.31 and 1.32. The terms having small 
effects in these equations can be dropped, which leads to: 
?̃?𝑛𝑗(𝜔) = [−𝜔
2 + (1 + 𝑖ŋ𝑠)𝜆𝑛
2 ]𝛿𝑛𝑗 + ⋯ 
… + 𝜓𝑛















𝑙 (⍵)        (1.33b) 
1.3.1.7. Response to Ground Motion 
The solution of Equations 1.31 and 1.33 gives the complex-valued response function for the 
generalized coordinates ?̈?𝑗
𝑙













       (1.34) 
where 𝐴𝑔
𝑙 (𝜔) = ∫ 𝑎𝑔
𝑙𝑑
0
(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡 and d is the duration of ground acceleration.  
The transformation of generalized coordinates to the nodal displacements can be used to determine 
the displacement response to the ground motion in the time domain: 
𝑟𝑐(𝑡) = ∑ [𝑍𝑗
𝑥(𝑡) + 𝑍𝑗
𝑦
(𝑡)]𝐽𝑗=1 𝜓𝑗        (1.35) 
The stresses in finite element 𝑝 are computed from the nodal displacement vector using 𝑇𝑝, the 
stress-displacement transformation matrix for the finite element 𝑝: 
𝜎𝑝(𝑡) = 𝑇𝑝 𝑟𝑝(𝑡)          (1.36) 
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1.3.2. Time History Analysis 
In the finite element modeling of dam-reservoir-foundation system, the dynamic equations of 
motions for the fluid-structure system have to be simultaneously considered.  







            (1.37) 
where 𝑐 is the speed of pressure wave; 𝑝 is the acoustic hydrodynamic pressure; 𝑡 is time and ∇2 
is the two-dimensional Laplace operator. The boundary conditions in Figure 1.10 can be applied 
on fluid domain: 
 
Figure 1.10. The boundary conditions of the fluid domain [30] 
At the fluid structure interface: 
𝜕𝑝
𝜕𝑛
= −𝜌𝑎𝑛           (1.38) 
where 𝑛 is normal vector of the interface; 𝑎𝑛 is the acceleration; and 𝜌 is the density of water. 
25 
 
The boundary condition at the bottom of reservoir: 
𝜕𝑝
𝜕𝑛
= −𝜌𝑎𝑛 − 𝑞
𝜕𝑝
𝜕𝑡
          (1.39) 
where 𝑞 is the damping coefficient of the reservoir bottom material absorbing hydrodynamic 
waves. However, the wave reflection coefficient 𝛼 is frequently used in analyses; and the relation 





           (1.40) 









           (1.41) 
At the free surface of the reservoir the pressure is zero when the surface wave is neglected: 
𝑃 = 0            (1.42) 
In order to get the wave equation in the matrix form, Equations 1.38 – 1.42 can be discretized as 
following [31]: 
𝑀𝑓?̈?𝑒 + 𝐶𝑓?̇?𝑒+ 𝐾𝑓𝑝𝑒 + 𝜌𝑄
𝑇(?̈?𝑒 + ?̈?𝑔) = 0       (1.43) 
where 𝑀𝑓, 𝐶𝑓 and 𝐾𝑓 are the fluid mass, damping and stiffness matrices, respectively and 𝑝𝑒, ?̈?𝑒 
and ?̈?𝑔 are the nodal pressure, relative nodal acceleration and nodal ground acceleration vectors, 
respectively. The term 𝜌𝑄𝑇 is also often referred to as coupling matrix. 
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Structural Equations: the dynamic equation of the foundation rock and concrete gravity dam 
system can be expressed using finite-element approach [32]: 
𝑀𝑠?̈?𝑒 + 𝐶𝑠?̇?𝑒+ 𝐾𝑠𝑢𝑒 = −𝑀𝑠?̈?𝑔 + 𝑄𝑝𝑒       (1.44) 
where 𝑀𝑠, 𝐶𝑠 and 𝐾𝑠 are the structural mass, damping and stiffness matrices, respectively and 𝑢𝑒 
is the nodal displacement vector with respect to ground. The term 𝑄𝑝𝑒 is the hydrodynamic force 
vector from the reservoir. 
The Coupled Fluid-Dam-Foundation Equations: Equations 1.43 and 1.44 can be assembled in 






















}    (1.45) 
where 𝐾𝑓𝑠 = −𝑄 and 𝑀𝑓𝑠 = 𝜌𝑄𝑇. 
Equation 1.45 is a second order linear differential equation with unsymmetrical matrices. The 
solution of this equation can be obtained using direct integration methods. In general, the dynamic 
equation can be expressed as follows [32]: 
𝑀𝑐?̈?𝑐 + 𝐶𝑐?̇?𝑐+ 𝐾𝑐𝑢𝑐 = 𝐹(𝑡)         (1.46) 
where 𝑀𝑐, 𝐶𝑐, 𝐾𝑐 and 𝐹(𝑡) are the structural mass, damping, stiffness matrices and dynamic load 
vector, respectively. 
1.3.3. Probabilistic Methods for Seismic Assessment of Concrete Gravity Dams 
Lupoi and Callari [3] presented a probabilistic method to estimate the probability of failure for 
earthquake assessment of concrete gravity dams. They considered many failure mechanisms, such 
as sliding at the base, crack at the base, crack at the upstream face and crack at the neck of the 
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dam. The probability of failure (𝑃𝑓) of the system subjected to the ground motion was evaluated 
for this purpose. In reliability analysis of concrete gravity dams under earthquake loads, 
uncertainties are categorized into two main groups: uncertainties related to material properties such 
as geometry, material strength, and uncertainties related to ground motion such as frequency 
content, duration, intensity as well as reservoir water level [33], [34]. Consequently, the random 
variables are divided into two groups: structural and external action random variables.  
The ith limit state function of the system is described as: 
𝑔𝑖 = 𝐶𝑖(𝑥) − max
𝑡
[𝐷𝑖(𝑥, 𝑦, 𝑡)]         (1.47) 
where 𝐶𝑖 is the 𝑖
𝑡ℎ capacity of the system, and 𝐷𝑖 is the 𝑖
𝑡ℎ structural demand due to external 
actions. The capacity of the system is considered to be constant during the earthquake, and 
independent from the external action. Therefore, when 𝑔𝑖 is less than zero, the demand exceeds 
the capacity, which is defined as failure.  
The numerical simulations of structural demand, 𝐷𝑖, are carried out for a limited number of ground 
motions and water levels; and then dynamic analyses are carried out for these simulations. The 
structural demand in Equation 1.47, 𝐷𝑖, defined as [3]: 
𝐷𝑖 =  𝐷𝑖(𝑥) + ∑
𝜕𝐷𝑖
𝜕𝑥𝑗




 is the response gradient of the demand with respect to the random structural property 𝑥𝑗 
evaluated for the mean value of 𝑥. 
The capacity of the system in Equation 1.47, can be predicted based on mechanistic or empirical 
models. In order to correctly predict the capacity, the derived formulas should be unbiased. 
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Therefore, the capacity function related to material and geometric properties is expressed as 
follow: 
𝐶𝑖(𝑥, 𝐶) = 𝐶𝑖(𝑥) 𝐶𝑖          (1.49) 
where 𝐶𝑖(𝑥) is the value obtained from empirical formulas, and 𝐶𝑖 is the model error as well bias. 
Consequently, the failure probability of the system can be calculated using the following equation: 
𝑃𝑓(𝑦1) = 𝑃 [⋃    ⋂ 𝐶𝑖(𝑥, 𝐶) ≤ 𝐷𝑖(𝑥|𝑦1)𝑖𝜖𝐼𝐶𝑗
𝑛𝐶
𝐽=1 𝐶𝑖]      (1.50) 
As a summary of probability estimation procedure presented by Callari and Lupoi [3] for concrete 
gravity dams, firstly the uncertainties are divided into 2 categories: those related to structural 
random variables, and those related to external actions. For each combination of seismic intensity 
and water level, the steps below should be followed: 
 Sample the random variables due to structural properties (MCS-LHS) 
 Estimate the capacity of the system 
 Sample the random variables due to external actions (Equation 1.48) 
 Calculate the limit state (Equation 1.47) 
 Using Equation 1.50, calculate the probability of the system 
The complete fragility curves are obtained by repeating these steps for different water levels. 
 
Monte Carlo Simulation (MCS): MCS is a computational algorithm to simulate data in the 
physical domain by generating random variables based on the statistical properties of random 
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variables. The main issue is that a large number of simulations is needed to get accurate results, 
because MCS is a completely random sampling procedure. Figure 1.11 (a) illustrates sampling 
procedure for uniform two random variables. As seen, the distribution of sampled data is not 
uniform, because some of rows and columns have more than one simulated instance while others 
are blank; i.e., missed. [21]. 
Latin Hypercube Sampling (LHS): in this procedure, the range of each variable is first divided 
into intervals, and then the variables are randomly sampled for each interval. As seen from Figure 
1.11 (b), each of the rows and columns has one simulated instance. [21]. 
 
Figure 1.11. Comparison of MCS and LHS methods for a system with two random variables. 
[21] 
In order to combine structural and external random variables, the following methods can be used 
[21]: 
Method I: the number of earthquake ground motions in each seismic intensity level (SIL) should 
be randomly paired with a structural model including uncertainties sampled based on Latin 
Hypercube sampling. Therefore, a total number of simulations will be the number of SILs x 
number of models. In this method, the number of ground motions and models has to be the same. 
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The efficiency of this method is questionable for a small number of models.  Figure 1.12 (a) shows 
this method. 
Method II: each of earthquake ground motions in each seismic intensity level should be paired 
with all uncertainty models. Therefore, the number of total simulations will be the number of 
ground motions data x the number of SILs x the number of models. This method requires higher 
computational resources. However, it is the most comprehensive method to deal with combining 
uncertainties. Figure 1.12 (b) illustrates this method. 
 
(a) Method I     (b) Method II 
Figure 1.12. Comparison of combination methods of aleatory (ground motion) and epistemic 
(model) uncertainties in two simultaneous approaches. [21] 
1.4. Fragility Analysis 
Fragility curves are important to dam owners and authorities to make structural risk assessments. 
In the general from, the seismic fragility is defined as the conditional probability of failure or 
exceedance of a certain limit state at a given intensity measure such as earthquake spectral 
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acceleration or peak ground acceleration. In the safety analysis of concrete gravity dams, several 
limit states (LS) affecting the system performance are assessed. In this thesis, base sliding, 
cracking of the dam concrete due to tensile stress, and excessive deformation of the dam body are 
assessed and defined in more detail in Section 3.4. Each limit state probability can be expressed 
[20]: 
𝑃(𝐿𝑆) = ∑ 𝑃(𝐿𝑆|𝑌 = 𝑦)𝑃(𝑌 = 𝑦)𝑦         (1.51) 
where 𝑌 is a random variables describing the intensity of demand, 𝑃(𝑌 = 𝑦) is the (annual) 
probability of this demand, and 𝑃(𝐿𝑆|𝑌 = 𝑦) is the conditional probability of LS, given that 𝑌 =
𝑦. This conditional probability is defined as the ‘fragility’ [20]. The fragility shows the capability 
of the structure to withstand a specified event. All uncertainties affecting the performance of the 
structure should be taken into account in the calculation of fragility. Uncertainties are usually 
divided into two groups: 
Aleatory Uncertainties: this kind of uncertainties are produced by the inherent variability in the 
nature. This uncertainty contains the variability along time of event or the variability across the 
space of event or the variability through magnitude of event. For example, the variability in the 
intensity of ground motions. This kind of uncertainties cannot be reduced, but it can be estimated. 
Epistemic Uncertainties: this kind of uncertainties are the result of lack of knowledge, arising 
from assumptions and limitations in the data. Also, it includes uncertainty due to inaccuracy of the 
model representing reality. An example of this kind of uncertainty can be the cohesion of the 





The safety analysis of concrete gravity dams in seismic regions is significant due to the high 
potential of economic and life losses if these important structures fail. Earthquake response 
analysis is important for the safe design of concrete gravity dams. The objective of this thesis is: 
 To develop seismic fragility curves for concrete gravity dams by using structural reliability 
analysis methods by accounting for major uncertainties known to affect seismic response 
of concrete gravity dams. 
1.6. Organization 
This thesis is divided into 5 chapters. In Chapter 1, a review of published research efforts on the 
topics covered by this thesis is presented. The adopted methodology is based on a numerical model 
that was validated using a dam chosen from the literature as a case study. Details of the case study 
given in Chapter 2. In Chapter 3, the developed model is used to conduct seismic analyses of 
concrete dams considering uncertainties. Finally, the results of this study are presented in Chapter 




CHAPTER 2. CASE STUDY 
In this chapter, the Pine Flat Dam which is located in the Central Valley of Fresno County, 
California is selected as a case study in order to demonstrate the adopted methodology for 
developing fragility curves for concrete gravity dams by investigating its earthquake response. The 
FE model of the dam used in this study is developed in ANSYS and validated using results from 
the literature. Figure 2.1 shows a picture of the Pine Flat Dam used in this study. 
 
Figure 2.1. A view of Pine Flat Dam [36] 
2.1. Dam-Foundation-Reservoir System Modelling in ANSYS  
In order to model the dam-foundation-reservoir system, the computer program ANSYS [35] is 
used in this study. Two-dimensional PLANE42 and FLUID29 elements are used to model the 
solid; i.e., dam and foundation and fluid, i.e., reservoir, respectively. The PLANE42 element has 
four nodes with two degrees of freedom at each node, namely translation in 𝑥 and 𝑦 directions. 
The FLUID29 element has four nodes and each node has three degrees of freedom which are 
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translations in 𝑥 and 𝑦 directions and pressure, however, the translation degrees of freedom are 
active only on the interface of fluid and structure. In order to decrease the effect of the FE model 
boundaries on the response of the system, the reservoir and foundation length, and foundation 
depth are selected 1.5 times longer than dam height. Zero pressure is applied at the truncated 
boundary and at the top of the reservoir to consider the damping effect arising from the propagation 
of pressure waves. Zero displacement is imposed on horizontal translation degrees of freedom at 
all boundaries of the foundation. However, zero displacement is imposed on vertical translation 
degrees of freedom only at the bottom boundary of the foundation. The dam and foundation are 
assumed to be homogeneous, elastic and isotropic, and the fluid is assumed to be compressible and 
inviscid. Figure 2.2 shows the FE model developed. 
 




2.2. Verification of the Model 
Pine Flat Dam shown in Figure 2.1 is in the class of concrete gravity dams and has a 560.83 m 
crest length. The tallest, non-overflow section shown in Figure 2.3 is selected in this study to verify 
the accuracy of the developed FE model. The dimensions and material properties of the dam, 
reservoir and foundation rock are given in Figure 2.3 and Table 2.1, respectively. The dam and 
foundation rock are modeled with 1140 PLANE42 elements and the reservoir is modeled with 400 
FLUID29 elements. In order to include fluid-structure interaction, FSI command is used. 
In the next few sections, comparisons between results obtained using the developed FE model and 
published results will be made. 
















Dam 22.4 0.2 2430 -  
Foundation 22.4 0.333 2643 -  





Figure 2.3. Dimensions of Pine Flat Dam [37] 
2.2.1. Static Analysis 
The dam-reservoir-foundation system was analyzed under the static gravity effect and the results 
were compared with results published by Chopra and Fenves [14]. In this analysis, the hydrostatic 
pressure of the reservoir water and the effects of the flexible foundation are included. The 
maximum principal stress contour plots are presented in Figure 2.4. It is found that the maximum 
stress level which is -0.91 MPa (-130.5 psi) is close to the reference result which is about -0.91 
MPa (-130 psi). The location of the maximum principal stress is also similar to the reference result. 
In addition, the contour plot of horizontal and vertical displacements is shown in Figure 2.5 and 




(a) ANSYS result (in Pa)    (b) Reference result (in psi) [14] 
Figure 2.4. Minimum principal stress contour plots 
 




Figure 2.6. Contour plot of vertical displacement (in m) 
2.2.2. Modal Analysis 
The natural frequencies of the dam-foundation-reservoir system are obtained through a modal 
analysis, and the results are compared with Chopra and Fenves’s [14] results. In the modal analysis, 
the foundation is assumed to be massless to neglect the inertia and damping effects of the 
foundation, and to consider only the flexibility of foundation [16]. Furthermore, the massless 
foundation will not affect the vibration properties of the dam [16]. Modal analysis is performed 
for 4 different conditions of dam-reservoir-foundation rock system, which are dam with rigid 
foundation and empty reservoir (Case 1), dam with rigid foundation and full reservoir (Case 2), 
dam with flexible foundation and empty reservoir (Case 3), and dam with flexible foundation and 
full reservoir (Case 4). The fundamental frequencies and the first mode shapes for the 
aforementioned four different cases are presented in Table 2.2 and Figure 2.7, respectively. 
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Table 2.2. Fundamental frequencies of Pine Flat Dam for four different cases 
Case Reservoir Foundation 
Frequency (Hz) 
Error (%) Chopra and 
Fenves [14] 
This study 
1 Empty Rigid 3.14 3.16 0.64 
2 Full Rigid 2.54 2.56 0.79 
3 Empty Flexible 2.59 2.48 4.25 
4 Full Flexible 2.03 2.02 0.49 
 
The error is calculated using the following equation: 
𝑒𝑟𝑟𝑜𝑟 (%) = |
𝑓𝑎𝑝𝑟−𝑓𝑒𝑥
𝑓𝑒𝑥
| × 100        (2.1) 
where 𝑓𝑎𝑝𝑟 and are the approximate frequencies obtained from this study and 𝑓𝑒𝑥 are the 
frequencies from reference study. 
 
Figure 2.7. Mode shapes of Pine Flat Dam for 4 different cases 
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The first four modal frequencies and shapes for Pine Flat Dam with flexible foundation and full 
reservoir case are presented in Table 2.3 and  
Figure 2.8, respectively.  
Table 2.3. First 4 natural frequencies of Pine Flat Dam with flexible foundation and full 
reservoir. 
 Mode 1 Mode 2 Mode 3 Mode 4 
Frequency (Hz) 2.03 3.15 4.53 5.06 
 
 
Figure 2.8. Mode shapes of Pine Flat Dam 
2.2.3. Linear Dynamic Analysis 
In this study, the massless foundation input mechanism is used to apply ground motion and to 
neglect the inertia effects of the foundation. Massless foundation modeling ignores the inertial 
effects of the foundation. Therefore, only the flexibility effects of the foundation are introduced 
41 
 
into the system. This also prevents propagation of artificial amplification of free-field ground 
motion. The massless foundation has zero damping, and this neglects the energy dissipation 
provided by the foundation. Therefore, the mathematical formulations for damping should be used 
in order to get more accurate results [16]. In this study, the following formulation provided by 
Chopra et al. was considered [38]. It is recently found that using an individual viscous damping 
ratio for the dam alone and an individual viscous damping ratio for the foundation rock alone 
separately can cause excessive damping for the complete system [38]. Therefore, this approach 
should be abandoned in the analysis of dam-water-foundation systems. The damping effect of the 
reservoir bottom materials is also considered. In this study, 5% damping ratio (𝜉1) is assumed for 
the concrete dam. This value and other parameters in Equation 2.2 were calculated by using the 
tables in Ref [38]. It should be noted that, in this section, a high damping ratio of 14.4% was used 
to allow the validation of the developed model by comparing results with Ref [14], which used the 






3 𝜉1 + 𝜉𝑟 + 𝜉𝑓         (2.2) 
𝑅𝑟 is the period lengthening ratio due to dam-water interaction; 𝑅𝑓 is the period lengthening ratio 
due to dam-foundation interaction; 𝜉1 is damping ratio for dam on flexible foundation with 
impounded water; 𝜉1 is the damping ratio of dam on rigid foundation with empty reservoir; 𝜉𝑟 is 
the added damping due to dam-water interaction; 𝜉𝑓 is the added damping due to dam-foundation 
interaction.  
The Rayleigh damping coefficients 𝛼 and 𝛽 are applied to the system, which are mass proportional 
damping and stiffness proportional damping, respectively. The following formulas are used in the 










           (2.3b) 
𝜔𝑖 and 𝜔𝑗 are the 𝑖
𝑡ℎ and 𝑗𝑡ℎ fundamental frequencies of the dam-water-foundation system. In this 
study the first and the fifth fundamental frequencies are used to calculate Rayleigh damping 
coefficients. 
The self-weight of the dam is considered by adding 9.81 m/s2 acceleration in the vertical direction 
by turning off transient effects at the beginning of the time history analysis. It was kept applied 
during the earthquake analysis. In other words, the self-weight of the dam was considered as an 
initial condition to the time history analysis. 
2.2.3.1. Ground Motion 
The Kern County, California, earthquake of 21 July 1952 recorded at Taft Lincoln School Tunnel 
[40] is selected to compare the results with Fenves and Chopra [14]. The horizontal component 
S69E and the vertical component of the earthquake were simultaneously applied as a free-field 
ground acceleration. Figure 2.9 and Figure 2.10 show these two components. The ground motion 
acceleration is applied using the ACEL command in ANSYS, which combines the acceleration 
with the element mass matrices to form a body force load vector. This is the same with applying 
acceleration from the bottom nodes of the model. When the acceleration is applied from the bottom 
nodes of the model using the D command in ANSYS, these nodes will experience displacements 
corresponding to the entered acceleration record. In this case, the relative displacement between 
the dam nodes and the bottom nodes should be considered. The absence of the foundation mass 
prevents propagation of artificial amplification of free-field ground motion. Since ACEL 
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command applies the acceleration as a force vector, both of ACEL and D commands give the same 
results. Figure 2.11 gives the displacement-time history of the crest and the node at the bottom 
where ground motion acceleration is applied. Figure 2.12 compares the relative displacement-time 
history of the crest when ground motion acceleration is applied at the bottom nodes and the 
displacement-time history of the crest when ground motion is applied using ACEL command. The 
small difference between the results can be neglected. 
 
Figure 2.9. S69E component of Taft Earthquake (unscaled) [40] 
 






































Figure 2.11. Displacement-time history when the D command is used  
 
















































Figure 2.13. Nodal points at the crest, heel and toe of the dam 
2.2.3.2. Results of Dynamic Analysis 
The displacement-time history results of the dynamic analysis are compared with those published 
in Ref [14], and given in Figure 2.14 through Figure 2.19. In addition, the maximum and minimum 
principal stress contour plots are given in Figure 2.20 and Figure 2.21.  
The first five highest and lowest peak values of displacement-time history graphs are considered 
to quantify the error (%). The summations of the absolute value of these values are presented in 
Table 2.4 for horizontal and vertical displacement components of each nodal point. The error (%) 
is calculated based on Equation 2.1. 
Table 2.4. The error (%) of displacement-time history graphs 












1187 29.52 32.30 9.42 8.30 9.30 12.05 
22 1.74 1.77 1.72 2.18 2.31 5.96 





Figure 2.14. Horizontal displacement at nodal point 1187 
 
Figure 2.15. Vertical displacement at nodal point 1187 
 




































































Figure 2.17. Vertical displacement at nodal point 22 
 
Figure 2.18. Horizontal displacement at nodal point 442 
 






































































Figure 2.20. (a) Maximum principal stress contour plot at time 6.8 s when maximum principal 
stress is maximum and (b) minimum principal stress contour plot at time 7.05 s when minimum 
principal stress is maximum at nodal point 22 (in Pa) 
 
Figure 2.21. (a) Maximum principal stress contour plot at time 6.8 s when maximum principal 
stress is maximum and (b) minimum principal stress contour plot at time 7.81 s when minimum 
principal stress is maximum at nodal point 442 (in Pa) 
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2.2.4. Non-Linear Dynamic Analysis 
The contour plots of the linear analysis show that the high tensile stresses at the base of the dam 
are around 3.04 MPa for an earthquake with 0.18g peak ground acceleration. This value exceeds 
the concrete tensile strength which is 2.57 MPa for the given compressive strength of 22.43 MPa 
(see Table 4.5). Therefore, this stress level can cause cracking and sliding of the dam base. It also 
implies that adhesion between the dam and the foundation should be capable of resisting these 
high stress levels, which is unlikely. In order to define this nonlinear behavior, contact elements 
are modeled along the dam-foundation interface based on Coulomb-Mohr friction law using 
CONTA171 and TARGE169 elements in ANSYS. In that model, the contacting surfaces are 
capable of bearing shear stress up to a certain level of shear stresses before they start to slide 
relative to each other. The shear stress capacity is defined as follows: 
𝜏lim (𝑡) = 𝜎𝑛(𝑡) tan(𝜑) + 𝑐         (2.4) 
where 𝜏lim (𝑡) and 𝜎𝑛(𝑡) are the shear capacity and the normal stress at time t, respectively, and 𝜑 
is the friction angle, and c is the cohesion of the dam-foundation rock interface. Once the shear 
stress exceeds this capacity, the sliding of surfaces occurs. 
The behavior of contact surface in the normal direction was modeled as a “standard contact 
relationship”. In that contact type, the contacting surfaces can transmit the normal pressure before 
an opening occurs. In other words, these contact elements are able to transmit normal compressive 
stress, however, they will begin to open when the tensile stress is higher than the tensile strength. 
In order to verify the contact model and compare the results with Ref [41], the dynamic analysis 
is performed for Pine Flat Dam with the data listed in Table 2.5. Only S69E component of Taft 
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Earthquake scaled to 0.4 PGA is applied to the dam-water-foundation rock system. The sliding 
displacement response of the dam is given in Figure 2.22.  
Table 2.5. Material properties for base sliding model. 
Elasticity Modulus of Concrete (GPa) 22.4 
Elasticity Modulus of Concrete (GPa) 5.6 
Cohesion (MPa) 0 
The Coefficient of Friction (-) 1 
 
 
Figure 2.22. Base sliding response of Pine Flat Dam. 
Finally, the nonlinear dynamic analysis was performed to compare the principal stresses with the 
results of the linear analysis given in Figure 2.20 and Figure 2.21, the material properties in Table 
2.1 are used. The unscaled S69E and vertical components of Taft Earthquake were simultaneously 
applied. The principal contour plots are given in Figure 2.23 and Figure 2.24. It was found that the 
maximum principal stress at the nodal point 22 decreased from 3.04 MPa to 0.22 MPa. However, 
the minimum principal stress did not show a significant difference. In addition, the location of the 
























Figure 2.23. (a) Maximum principal stress contour plot at time 6.9 s when maximum principal 
stress is maximum and (b) minimum principal stress contour plot at time 7.09 s when minimum 
principal stress is maximum at nodal point 22 (in Pa) 
  
Figure 2.24. (a) Maximum principal stress contour plot at time 6.84 s when maximum principal 
stress is maximum and (b) minimum principal stress contour plot at time 6.83 s when minimum 




CHAPTER 3. RELIABILITY ANALYSIS 
3.1. Uncertainty Modeling 
Uncertainties can have a significant effect on the evaluation of the performance of structures. Due 
to the lack of knowledge and random nature of earthquakes, uncertainties should be considered. In 
the reliability analysis of concrete gravity dams, the sources of uncertainties are material 
properties, dimensions of the structure, and ground motion as well as water level. In this study, the 
uncertainties related to earthquakes and material properties are taken into account. 
3.1.1. Random variables 
In this study, the parameters listed in Table 3.1 are the ones whose uncertainties were included in 
the reliability study will be modeled as random variables. Because of the scarcity of statistical info 
about some of these variables, a uniform distribution was assumed. 




Distribution Parameters Reference 
Cohesion (MPa) Uniform L = 0.3 U = 0.4 [42] 
Friction angle (°) Uniform L = 35 U = 45 [42] 
Elasticity Modulus of Rock (GPa) Uniform L = 15.6 U = 29.1 [14] 
Elasticity Modulus of Concrete (GPa) Normal μ = 22.4 σ = 2.24 [14] 
Concrete Compressive Strength (MPa) Log-Normal μ  = 22.43 σ = 2.243 [43], [44] 
Damping Coefficient α Uniform L = 1.7133 U = 2.0941  
Damping Coefficient β Uniform L = 0.00325 U = 0.00398  
 
The cohesion and friction angle of the interface were chosen based on Geologic Strength Index 
(GSI) of foundation rock considering elasticity modulus in order to use consistent parameters in 
the analyses. Therefore, GSI index derived from Equation 3.1 for 𝐸𝑓 = 22.4 GPa was determined 
53 
 
to be equal to 64. The recommended cohesion and friction angle values for GSI 55 - 75 values are 
presented in Table 3.2 [42]. 
𝐸𝑓 = 10
(𝐺𝑆𝐼−10)/40 (in GPa)         (3.1) 
Table 3.2. Cohesion and friction angle values 
GSI 55 – 75 
Cohesion (MPa) 0.3 – 0.4 
Friction Angle (°) 35 – 45 
 
The damping was also considered as a random variable. A damping ratio equal to 9.8% is 
calculated for overall dam-reservoir-foundation rock system based on Equation 3.1. The Rayleigh 
damping coefficients α and β are calculated as 1.9037 and 0.00361, respectively, using Equation 
2.3. The distribution type and the range of the coefficient values are shown in Table 3.1. 
The correlation between elasticity modulus and compressive strength of the concrete is considered. 
In order to use consistent compressive strength with the elasticity modulus, Equation 3.2 provided 
by ACI Committee [43] is used. Therefore, for a nominal compressive strength equal to 22.43 
MPa, the nominal elasticity modulus was taken equal to 22.4 GPa. The coefficient of variation 
value used in this study is 10% obtained from the literature [44]. And the correlation coefficient is 
assumed to be 0.8 between elasticity modulus and compressive strength of the concrete. The 
elasticity modulus and compressive strength of concrete are also assumed to be normal and 
lognormal distribution, respectively, and the statistical parameters are shown in Table 3.1. The 
random numbers are generated using Latin Hypercube Sampling method. 
𝐸𝑐 = 4730√𝑓𝑐′   , for 𝑓𝑐
′ ≤ 41.4 MPa and 1440 ≤  𝛾𝑐 ≤ 2480 kg/m
3    (3.2) 
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Figure 3.1 shows a plot of the generated correlated variates for the given nominal values and 
aforementioned statistical characteristics.  
 
Figure 3.1. Generated correlated numbers 
 


































Figure 3.3. Histogram of the compressive strength of concrete 
The uplift pressure at the base of the dam due to the pore water is considered deterministic with 
triangular distribution (1.14 MPa at the toe of the dam and 0 MPa at the heel of the dam). The 
uplift force is assumed 40% of the total force due to drain efficiency and effective uplift area. As 
stated in the US Army Corps of Engineers’ report [45], the pressure distribution due to pore water 
is considered unchanged during the earthquake. 
3.2. Sampling Method 
Some researchers state that the minimum number for providing reliable results to obtain fragility 
curves is a total of 10 uncertainty models [22]. In this study, 12 concrete gravity dam models were 
created in order to get more reliable results. The structural model’s attributes were developed using 
Latin Hypercube Sampling (LHS) technique. In this method, the probability distribution of each 
variable is divided into equal areas (in this study a total of 12 areas for each random variable), and 
the numbers are randomly selected from each interval based on their distribution. The lower and 
upper bounds of normal distribution were truncated at 𝜇 − 5𝜎 and 𝜇 + 5𝜎 to prevent getting 
unrealistic data. Figure 3.4 is an illustration of this selection method. Conversely, in Monte Carlo 
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Simulation (MCS) method, the numbers are randomly generated from the whole area under the 
probability density function. Consequently, MCS may not produce realistic results when the 
number of generated variates is low because it is possible that the majority or all numbers might 
be randomly selected from a certain range. The number of models should be increased in MCS 
method to get reliable results. Therefore, this shows the advantage of Latin Hypercube Sampling 
method over Monte Carlo Simulation method, because it requires less computational effort. After 
obtaining random numbers for each uncertainty, they were randomly paired and 12 models were 
created on ANSYS. 
  
(a)           (b) 
 
(c) 
Figure 3.4. Illustrations of LHS for (a) normal, (b) uniform distribution and correlated random 
variables with normal and uniform distribution [46] 
 
random number 
from an interval 
57 
 
3.3. Ground Motion Selection 
In order to present the uncertainty in ground motion, the target spectrum was obtained based on 
the probabilistic seismic hazard analysis of the structure’s site. The uniform hazard response 
spectrum in Figure 3.5 is obtained for Pine Flat Dam site by using an online tool provided by 
USGS [47]. Also, the following data were selected based on deaggregation of the seismic hazard 
at the site: 
𝑅 = 0 − 50 𝑘𝑚          (3.2a) 
𝑀 = 5.0 − 7.5          (3.2b) 
Based on these criteria, ground motions in Table 3.3 were selected from PEER Strong Ground 
Motion Data Base [40]. 
 






















Table 3.3. Selected ground motions 
# Year Event Station Mw R (km) 
1 1966 Parkfield Cholame Shandon Array-8 6.19 12.9 
2 1971 San Fernando LA - Hollywood Stor FF 6.61 22.77 
3 1978 Tabas, Iran Boshrooyeh 7.35 24.07 
4 1979 Coyote Lake Gilroy Array #4 5.74 4.79 
5 1980 Irpinia, Italy  Auletta 6.9 9.5 
6 1980 Victoria, Mexico Chichuachua 6.33 18.53 
7 1980 Mammoth Lakes-01 Convict Creek 6.06 1.1 
8 1983 Coalinga-05 Burnett Construction 5.77 8.3 
9 1984 Morgan Hill Gilroy Array #2  6.19 13.7 
10 1986 N. Palm Springs Sunnymead  6.06 37.9 
11 1989 Loma Prieta Capitola 6.93 8.65 
12 1994 Northridge  Burbank - Howard Rd  6.69 16.9 
 
The response spectra of horizontal and vertical components of the selected ground motions are 
plotted in Figure 3.6 and Figure 3.7, respectively. All ground motions are scaled to 1.0 g at the 
fundamental period of the dam-reservoir-foundation rock system. Also, Figure 3.6 and Figure 3.7 
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Figure 3.7. The response spectra of the vertical component of the selected ground motions 
3.4. Limit States (LS) 
In this study, the following failure mechanisms are considered: 
 Base Sliding (LS1) 
 Cracking at the upstream face of the dam (LS2) 
 Cracking at the neck of the dam (LS3) 
 Excessive deformation (relative deformation) (LS4) 
They are labeled (between parentheses) by the limit state function designation that will be used 
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Northridge Irpinia Victoria Tabas Loma Mammoth
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3.4.1. LS1 Base Sliding 
The sliding failure is the primary failure mode in this study. The sliding stability has to be evaluated 
in safety analysis of concrete gravity dams. The contact surface of the dam-foundation rock is 
assumed to be horizontal, and is modeled based on Mohr-Coulomb friction law. The friction angle 
and the cohesion of the contact are assumed to be equal to those of foundation rock. The contacting 
surfaces are capable of bearing shear stress up to a certain level of shear stresses before they start 
to slide relative to each other. The shear stress capacity is defined as the following: 
𝜏lim (𝑡) = 𝜎𝑛(𝑡) tan(𝜑) + 𝑐         (3.4) 
where 𝜏lim (𝑡) and 𝜎𝑛(𝑡) are the shear capacity and the normal stress at time t, respectively, 𝜑 is 
the friction angle, and c the cohesion of the dam- foundation rock interface. Once the shear stress 
exceeds this limit, the sliding of surfaces occurs. 
Table 3.4. Expected damage level for different sliding thresholds 





In this study, the sliding limit state is checked in terms of maximum sliding displacement. In order 
to assess the sliding limit states, the three different limit states presented in Table 3.4 are considered 
based on Ellinwood and Tekkie [20] and Bernier et al. studies [1]. Drain system damage is 
considered one of the consequences of sliding because the damage of the drain system can cause 
an increase in the effective uplift pressure level. Firstly, 2.5 cm is used to evaluate slight or minor 
drain system damage [1]. Secondly, 5 cm sliding displacement is used to evaluate maximum 
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allowable sliding displacement of dams. This level of sliding can completely cause severe damage 
[15]. Thirdly, 15 cm (6 in.) is considered as unacceptable damage level for differential movements, 
and this can cause loss of reservoir [20]. Based on these assumed sliding thresholds, the following 
three limit state functions are established. Three fragility curves are obtained based on these limit 
states. 
𝐿𝑆1 − 𝑎 ∶ 𝑔( ) = 𝛿𝑥 − 2.5         (3.5) 
𝐿𝑆1 − 𝑏 ∶ 𝑔( ) = 𝛿𝑥 − 5.0         (3.6) 
𝐿𝑆1 − 𝑐 ∶ 𝑔( ) = 𝛿𝑥 − 15.0         (3.7) 
3.4.2. LS2 Tensile Cracking at the Upstream Face of the Dam 
The crack formation due to tensile stresses at the upstream face of the dam is checked in terms of 
maximum principal stress, 𝜎1, considering the effect of minimum principal stress 𝜎2. In this study, 
the tensile strength of concrete is taken into account as a function of the compressive strength of 
concrete. The resistance model for principal tensile strength is determined using Equation 3.9 [48]. 
The resistance model is calculated by neglecting the effect of minimum principal stress; i.e., 
uniaxial tension, using Equation 3.8. When the max principal stress exceeds the tensile strength, 
the cracking of concrete occurs. The fragility curve is obtained based on limit state function in 





Figure 3.8. Stresses in given coordinate system and principal stresses. 
𝑓𝑡𝑢 = 0.30(𝑓𝑐
′)0.69          (3.8) 
𝜎𝑡𝑢 = 0.30(𝑓𝑐
′)0.69 × (1 + 0.85
𝜎𝑐𝑢
𝑓𝑐
′ )  , in MPa      (3.9) 
𝐿𝑆2 ∶ 𝑔( ) = 𝜎1
𝑚𝑎𝑥 − 𝜎𝑡𝑢         (3.10) 
3.4.3. LS3 Tensile Cracking at the Neck of the Dam 
Similarly, the material failure around the neck of the dam is checked in terms of maximum 
principal stresses using Equation 3.9, because preliminary analyses results (Figure 2.23 and Figure 
2.24) showed that the tensile stress around the neck can be significant. The fragility curve is 
obtained based on limit state function in Equation 3.11. 
𝐿𝑆3 ∶ 𝑔( ) = 𝜎1
𝑚𝑎𝑥 − 𝜎𝑡𝑢         (3.11) 
3.4.4. LS4 Excessive Deformation 
Finally, the excessive deformation of the dam body is checked in terms of relative deformation 
between the crest and base. Because excessive deformation of the dam body can impair the internal 
drainage system or cause service limitation for equipment. In the study, the difference between the 
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horizontal displacements of nodal points 1187 and 22 is considered (see Figure 2.13). The fragility 
curves are obtained based on the 1.71 cm and 3.42 cm relative displacements (calculated as 0.014% 
and 0.028% of the dam height, respectively [20]). Based on these assumed relative deformation 
thresholds, the following two limit state functions are established. Two fragility curves are 
obtained based on these limit states. 
𝐿𝑆4 − 𝑎 ∶   𝑔( ) = (𝛿𝑥
1187 − 𝛿𝑥
22) − 1.71       (3.12) 
𝐿𝑆4 − 𝑏 ∶   𝑔( ) = (𝛿𝑥
1187 − 𝛿𝑥
22) − 3.42       (3.13) 
3.5. Dynamic Analyses 
The fragility curves can be developed for different intensity measures such as the peak ground 
acceleration (PGA) or the spectral acceleration (𝑆𝑎) of the earthquakes. In this study, fragility 
curves are calculated as a function of 𝑆𝑎(𝑇1), where 𝑇1 is the fundamental period of the dam 
system. As stated earlier, the 12 selected ground motion records were randomly paired with the 12 
prepared dam-water-foundation models. Each combination was named after the associated 
earthquake. Dynamic analyses were performed for each combination of the earthquake ground 
motion and the model at each intensity level from 0.1 g to 1.2 g in 0.1 g increments. This leads to 
144 non-linear dynamic analyses. The scheme of the pairing procedure is shown in Figure 3.9. The 








CHAPTER 4. ANALYSIS RESULTS 
In this chapter, the results from the analyses of the Pine Flat Dam are presented. The results are 
then utilized to develop fragility curves for the dam considering the seven limit state functions 
described in Section 3.4. 
4.1. Tornado Diagrams 
It was deemed necessary to first conduct a deterministic sensitivity analysis to evaluate the effect 
of the selected random variables on the sliding response, maximum principal stress at the upstream 
and the neck and excessive deformation. For each random variable, dynamic analyses were 
performed at the lower and upper bound of each random variable by considering the other random 
variables at their mean values. In tornado diagrams, the difference between the results of lower 
and upper boundaries is called a swing. The swing length shows the effect of variable. The swing 
having the largest length is located at the top, and other swings follow it in a descending order. 
The median results are obtained by considering all random variables at their mean values. The 
results are normalized to 1 by dividing by the median results. Therefore, tornado diagrams show 
the ratio of variation. 
The horizontal and vertical components of Parkfield earthquake, respectively, were selected for 
this study, whose acceleration-time history graphs are given in Figure 4.1 and Figure 4.2, 
respectively. The horizontal component of the earthquake is scaled to 0.4g peak PGA, which is a 
typical value for moderate to strong earthquakes [15]. The vertical component of the earthquake 




Figure 4.1. The horizontal component of Parkfield Earthquake (scaled to 0.4g) 
 
Figure 4.2. The vertical component of Parkfield Earthquake (unscaled) 
The sliding response results from the deterministic sensitivity analyses are presented in Figure 4.3. 
It was found that the variability of the friction coefficient of the dam-foundation rock interface and 
the elasticity modulus of the foundation rock has a significant impact on the sliding response of 
the dam. Also, the sliding response of the dam is less sensitive to damping and the elasticity 
modulus of the concrete. Fenves and Chavez [15] showed that the sliding response of the dam 







































(𝐸𝑓 𝐸𝑐⁄ ) and the friction coefficient of interface increase. Therefore, the results presented in this 
study are consistent with these findings. Figure 4.4 and Figure 4.5, respectively, show the effects 
of the uncertainty parameters on the maximum principal stress of the upstream face and the neck 
of the dam. It is found that the elasticity modulus of the concrete, the damping and the friction 
coefficient of the dam-foundation rock interface have a significant effect. However, the elasticity 
modulus of the foundation rock and cohesion parameters are less significant to maximum principal 
stress at the upstream face and the neck of the dam. Lastly, Figure 4.6 shows the effects of the 
uncertainty parameters on the excessive deformation of the dam. 
Consequently, all random variables except the cohesion of dam-foundation interface have an 
important effect on the limit state functions. However, the cohesion of the dam-foundation rock 
interface is less sensitive for all limit state functions. Nonetheless, all random variables are 
included in reliability analyses. 
 
Figure 4.3. Tornado diagram for base sliding 
 










Figure 4.4. Tornado diagram for max principal stress at the upstream face 
 
Figure 4.5. Tornado diagram for max principal stress at the neck 
 
Figure 4.6. Tornado diagram for relative deformation 
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4.2. Base Sliding Displacement 
Nonlinear time-history analyses were performed for 12 models of Pine Flat Dams from 0.1g to 
1.0g by incrementing 0.1g, which leads to a total of 120 analyses. The maximum sliding 
displacements were obtained from these analyses and are presented in Table 4.1. Table 4.2 shows 
the probability of failure based on three sliding limit states presented earlier in Section 3.4.1. The 
initial sliding displacement under static loads is subtracted from the sliding displacement for each 
intensity level in the probability of failure calculations.  
Table 4.1. Maximum sliding response of the Pine Flat Dam (cm) 
Model 
𝑆𝑎(𝑇1) [g] 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
Parkfield 0.51 0.64 0.73 0.78 0.87 1.39 2.10 3.2 4.58 6.39 8.31 9.12 
San Fernando 0.61 0.72 0.87 1.31 1.83 3.27 5.07 6.35 9.65 12.12 15.42 19.15 
Tabas 0.38 0.44 0.53 0.69 0.80 0.88 1.06 1.22 1.48 1.97 2.71 3.28 
Coyote Lake 0.51 0.62 1.22 1.63 2.60 3.94 4.35 5.11 5.47 5.83 6.55 8.72 
Irpinia 0.43 0.47 0.59 0.74 1.10 2.31 3.85 5.51 6.68 8.13 9.40 10.64 
Victoria 0.69 0.85 1.03 1.25 1.77 3.08 4.81 5.95 7.41 8.86 10.88 12.88 
Mammoth Lakes 0.39 0.65 0.85 1.21 2.15 2.44 2.88 3.14 4.10 4.84 6.31 7.17 
Coalinga 1.03 1.45 1.80 2.27 2.77 3.06 3.68 4.05 4.90 5.98 6.94 8.32 
Morgan 0.57 0.86 1.16 1.34 1.73 2.40 3.43 4.88 6.10 7.34 9.67 13.37 
Palm Springs 0.42 0.66 0.72 1.21 1.65 2.21 2.72 3.49 4.91 6.23 8.48 10.42 
Loma Prieta 2.22 2.72 3.32 3.57 3.75 4.49 6.22 7.10 8.78 9.58 14.21 18.10 
Northridge 0.38 0.46 0.56 0.69 0.84 0.98 1.48 2.02 2.75 2.93 3.46 3.86 
Table 4.2. Number of the models exceeding the limit state and the probability of failure 
Number of Failed Models 
𝑆𝑎(𝑇1) [g] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
LS1-a 0 0 1 1 2 5 8 10 11 11 12 12 
LS1-b 0 0 0 0 0 0 1 4 6 9 10 10 
LS1-c 0 0 0 0 0 0 0 0 0 0 1 2 
Probability of Failure 
P(X>2.5 cm) 0.00 0.00 0.08 0.08 0.17 0.42 0.67 0.83 0.92 0.92 1.00 1.00 
P(X>5.0 cm) 0.00 0.00 0.00 0.00 0.00 0.00 0.08 0.33 0.50 0.75 0.83 0.83 
P(X>15.0 cm) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.08 0.17 
71 
 
4.3. Tensile Cracking at the Upstream Face of the Dam 
The maximum principal stress, 𝜎1, values were extracted from analyses results and are listed in 
Table 4.3. It is found that the maximum value at the upstream face occurs around the neck of the 
dam. Also, the minimum principal values corresponding to the time when the maximum principal 
stress are presented in Table 4.4. 
Table 4.3. Maximum principal stresses, 𝜎1, at the upstream face of the Pine Flat Dam (MPa) 
Model 
𝑆𝑎(𝑇1) [g] 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
Parkfield 0.51 1.02 1.82 2.59 3.32 4.01 4.51 4.97 5.38 5.82 6.34 6.75 
San Fernando 0.27 0.96 1.49 1.84 1.9 2.43 3.27 4.84 6.4 7.03 7.04 8.16 
Tabas 0.57 0.92 1.22 1.58 2.01 2.26 2.46 2.86 3.31 3.68 3.87 4.34 
Coyote Lake 1 1.25 1.95 2.71 3.35 3.73 4.64 5.37 5.76 5.87 6.02 6.2 
Irpinia 0.24 0.73 1.22 1.69 2.44 2.83 3.46 4.03 4.42 4.91 5.49 5.88 
Victoria 0.47 0.64 0.89 1.28 1.96 3.12 4.31 4.91 5.64 6.48 7.02 7.29 
Mammoth Lakes 1.49 2.51 3.48 4.35 4.96 5.5 5.9 5.72 5.79 6.28 6.7 7.02 
Coalinga 1.6 1.85 2.1 2.35 2.59 2.89 3.25 3.65 4.08 4.44 4.78 5.16 
Morgan 0.71 1.06 1.43 1.87 2.48 3.03 3.54 4.04 4.6 5.09 5.44 5.64 
Palm Springs 0.49 1.14 1.7 2.38 2.52 2.62 2.66 3.36 4.15 4.59 5.24 5.99 
Loma Prieta 2.2 2.26 2.78 3.25 3.38 3.73 4.37 4.92 6.19 7.62 9.01 10.27 





Table 4.4. Minimum principal stresses at the upstream face of the Pine Flat Dam (MPa) 
Model 
𝑆𝑎(𝑇1) [g] 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
Parkfield -0.06 -0.18 -0.21 -0.22 -0.22 -0.21 -0.21 -0.21 -0.22 -0.22 -0.22 -0.21 
San Fernando -0.21 -0.25 -0.29 -0.32 -0.28 -0.29 -0.32 -0.24 -0.23 -0.16 -0.25 -0.23 
Tabas -0.21 -0.25 -0.29 -0.33 -0.36 -0.37 -0.36 -0.41 -0.39 -0.39 -0.41 -0.40 
Coyote Lake -0.17 -0.2 -0.24 -0.13 -0.13 -0.29 -0.31 -0.27 -0.24 -0.21 -0.17 -0.14 
Irpinia -0.23 -0.28 -0.33 -0.37 -0.41 -0.30 -0.29 -0.25 -0.21 -0.09 -0.04 -0.01 
Victoria -0.18 -0.19 -0.20 -0.29 -0.19 -0.15 -0.06 0.00 -0.3 -0.27 -0.26 -0.28 
Mammoth 
Lakes 
-0.20 -0.22 -0.24 -0.25 -0.27 -0.28 -0.26 -0.26 -0.18 -0.08 0.00 0.06 
Coalinga -0.19 -0.19 -0.19 -0.19 -0.19 -0.28 -0.27 -0.28 -0.32 -0.28 -0.28 -0.27 
Morgan -0.17 -0.17 -0.18 -0.31 -0.27 -0.27 -0.27 -0.36 -0.33 -0.29 -0.27 -0.26 
Palm Springs -0.20 -0.22 -0.24 -0.25 -0.23 -0.24 -0.36 -0.34 -0.3 -0.32 -0.39 -0.38 
Loma Prieta -0.20 -0.21 -0.2 -0.22 -0.34 -0.38 -0.30 -0.27 -0.20 -0.10 -0.04 -0.10 
Northridge -0.17 -0.24 -0.26 -0.28 -0.33 -0.27 -0.36 -0.21 -0.29 -0.15 -0.14 -0.29 
 
The tensile strength capacity is calculated based on Equations 3.8 and 3.9, and presented Table 4.5 
and Table 4.6, respectively. It was found that the effect of the minimum principal stresses on the 
tensile strength is around 1-2% due to the low minimum principal stress when maximum principal 
stress is maximum. 
Table 4.5. Tensile strength capacity (MPa) 
Model 𝑓𝑐
′ 𝑓𝑡𝑢 
Parkfield 19.91 2.36 
San Fernando 22.48 2.57 
Tabas 23.93 2.68 
Coyote Lake 21.59 2.50 
Irpinia 21.33 2.48 
Victoria 22.14 2.54 
Mammoth Lakes 20.27 2.39 
Coalinga 18.36 2.23 
Morgan 22.99 2.61 
Palm Springs 27.65 2.96 
Loma Prieta 25.22 2.78 




Table 4.6. Tensile strength capacity (MPa) 
Model 
𝑆𝑎(𝑇1) [g] 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
Parkfield 2.36 2.34 2.34 2.34 2.34 2.34 2.34 2.34 2.34 2.34 2.34 2.34 
San Fernando 2.55 2.55 2.54 2.54 2.54 2.54 2.54 2.55 2.55 2.55 2.55 2.55 
Tabas 2.66 2.66 2.66 2.65 2.65 2.65 2.65 2.64 2.65 2.65 2.64 2.64 
Coyote Lake 2.48 2.48 2.48 2.49 2.49 2.47 2.47 2.47 2.48 2.48 2.48 2.49 
Irpinia 2.46 2.45 2.45 2.44 2.44 2.45 2.45 2.45 2.46 2.47 2.47 2.48 
Victoria 2.53 2.52 2.52 2.51 2.52 2.53 2.54 2.54 2.51 2.52 2.52 2.52 
Mammoth 
Lakes 
2.37 2.37 2.37 2.37 2.37 2.36 2.37 2.37 2.37 2.38 2.39 2.40 
Coalinga 2.21 2.21 2.21 2.21 2.21 2.21 2.21 2.21 2.20 2.21 2.21 2.21 
Morgan 2.59 2.59 2.59 2.58 2.58 2.58 2.58 2.57 2.58 2.58 2.58 2.58 
Palm Springs 2.95 2.94 2.94 2.94 2.94 2.94 2.93 2.93 2.94 2.93 2.93 2.93 
Loma Prieta 2.76 2.76 2.76 2.76 2.75 2.75 2.75 2.76 2.76 2.77 2.78 2.77 
Northridge 2.62 2.62 2.62 2.61 2.61 2.61 2.61 2.62 2.61 2.63 2.63 2.61 
Table 4.7. Number of the models exceeding the limit state and the probability of failure 
𝑆𝑎(𝑇1) [g] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
# of failed models 0 1 2 5 6 8 9 11 12 12 12 12 
𝑃𝑓 0.00 0.08 0.17 0.42 0.50 0.67 0.75 0.92 1.00 1.00 1.00 1.00 
 
4.4. Tensile Cracking at the Neck of the Dam 
The maximum principal stress, 𝜎1, values are extracted from analyses results and are listed in Table 
4.8. It was found that the maximum value at the neck of the dam observed at the downstream face 
of the dam. Also, the minimum principal values corresponding to the time when the maximum 




Table 4.8. Maximum principal stresses, 𝜎1, at the neck of the Pine Flat Dam (MPa) 
Model 
𝑆𝑎(𝑇1) [g] 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
Parkfield 0.82 1.56 2.29 2.59 3.26 3.99 4.75 5.19 5.70 6.38 7.04 7.52 
San Fernando 0.52 1.11 1.72 2.22 2.72 3.06 3.35 4.42 5.36 5.65 6.02 7.89 
Tabas 0.82 1.38 2.09 2.40 2.55 2.93 3.40 4.00 4.58 4.89 5.06 5.47 
Coyote Lake 1.60 2.67 3.61 5.07 6.40 7.32 8.08 8.77 9.45 9.96 10.31 10.65 
Irpinia 0.85 1.59 2.39 3.13 3.84 4.49 4.99 5.48 5.91 6.18 6.35 6.60 
Victoria 1.02 1.21 2.00 2.65 3.21 3.72 4.30 5.61 6.29 6.48 6.71 6.86 
Mammoth Lakes 1.92 2.88 4.02 5.04 5.51 5.58 6.08 7.11 8.29 9.43 10.10 10.38 
Coalinga 2.10 2.2 2.52 3.04 3.55 3.97 4.36 4.89 5.71 6.44 7.21 7.88 
Morgan 1.95 2.38 3.66 4.90 5.98 6.86 7.38 7.72 7.99 8.2 8.37 8.52 
Palm Springs 0.74 1.58 2.54 3.49 4.40 4.53 4.52 5.08 5.44 7.05 8.37 9.33 
Loma Prieta 2.53 3.04 3.63 3.91 4.16 4.67 5.74 6.39 6.65 8.1 9.12 9.52 
Northridge 0.73 1.30 1.80 2.16 2.90 3.69 4.76 5.91 6.74 7.16 7.50 7.69 
Table 4.9. Minimum principal stresses at the neck of the Pine Flat Dam (MPa) 
Model 
𝑆𝑎(𝑇1) [g] 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
Parkfield 0.04 0.10 0.15 0.17 0.22 0.27 0.33 0.36 0.38 0.42 0.47 0.50 
San Fernando 0.02 0.06 0.11 0.14 0.18 0.20 0.23 0.28 0.34 0.39 0.41 0.53 
Tabas 0.04 0.08 0.14 0.16 0.17 0.20 0.23 0.27 0.32 0.34 0.35 0.38 
Coyote Lake 0.09 0.17 0.25 0.35 0.45 0.51 0.56 0.61 0.66 0.69 0.72 0.74 
Irpinia 0.04 0.10 0.16 0.21 0.27 0.31 0.35 0.39 0.42 0.44 0.45 0.47 
Victoria 0.06 0.07 0.13 0.18 0.22 0.26 0.27 0.35 0.40 0.41 0.42 0.41 
Mammoth Lakes 0.12 0.19 0.27 0.34 0.38 0.39 0.42 0.49 0.58 0.66 0.70 0.72 
Coalinga 0.13 0.14 0.16 0.20 0.24 0.27 0.29 0.33 0.39 0.44 0.49 0.53 
Morgan 0.12 0.15 0.25 0.34 0.41 0.48 0.51 0.54 0.56 0.57 0.58 0.58 
Palm Springs 0.04 0.10 0.17 0.24 0.30 0.31 0.31 0.35 0.38 0.49 0.58 0.64 
Loma Prieta 0.29 0.27 0.25 0.28 0.29 0.31 0.39 0.44 0.47 0.57 0.64 0.52 




The corresponding tensile strength capacity is calculated based on Equation 3.9 and presented in 
Table 4.10. It was found that the effect of the minimum principal stress on the tensile strength is 
around 1% due to too low minimum principal stress when maximum principal stress is maximum. 
Table 4.10. Tensile strength capacity (MPa) 
Model 
𝑆𝑎(𝑇1) [g] 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
Parkfield 2.37 2.37 2.38 2.38 2.39 2.39 2.40 2.40 2.40 2.41 2.41 2.41 
San Fernando 2.57 2.58 2.58 2.58 2.59 2.59 2.59 2.60 2.60 2.61 2.61 2.62 
Tabas 2.69 2.69 2.70 2.70 2.70 2.70 2.70 2.71 2.71 2.72 2.72 2.72 
Coyote Lake 2.51 2.52 2.52 2.53 2.54 2.55 2.55 2.56 2.56 2.57 2.57 2.57 
Irpinia 2.48 2.49 2.49 2.50 2.50 2.51 2.51 2.52 2.52 2.52 2.52 2.52 
Victoria 2.55 2.55 2.56 2.56 2.56 2.57 2.57 2.58 2.58 2.58 2.58 2.58 
Mammoth Lakes 2.40 2.41 2.42 2.43 2.43 2.43 2.43 2.44 2.45 2.46 2.46 2.46 
Coalinga 2.25 2.25 2.25 2.26 2.26 2.26 2.26 2.27 2.27 2.28 2.29 2.29 
Morgan 2.62 2.62 2.63 2.64 2.65 2.66 2.66 2.66 2.66 2.66 2.67 2.67 
Palm Springs 2.97 2.97 2.98 2.99 2.99 2.99 2.99 3.00 3.00 3.01 3.02 3.02 
Loma Prieta 2.81 2.81 2.81 2.81 2.81 2.81 2.82 2.82 2.83 2.84 2.84 2.83 
Northridge 2.64 2.65 2.65 2.65 2.66 2.66 2.67 2.68 2.68 2.69 2.69 2.69 
Table 4.11. Number of the models exceeding the limit state and the probability of failure 
𝑆𝑎(𝑇1) [g]` 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
# of failed models 0 3 5 9 11 12 12 12 12 12 12 12 
𝑃𝑓 0.00 0.25 0.42 0.75 0.92 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 
4.5. Excessive Deformation 
The maximum relative displacements were extracted from analyses results and are listed in Table 
4.12. Table 4.13 shows the probability of failure based on two excessive deformation limit states 
presented earlier in Section 3.4.4. The initial relative displacement under static loads is subtracted 
from the relative displacement for each intensity level in the probability of failure calculations.  
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Table 4.12. Maximum relative displacements of the Pine Flat Dam (cm) 
Model 
𝑆𝑎(𝑇1) [g] 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
Parkfield 2.1 3.04 3.85 4.13 5.09 6.13 7.27 8.57 9.64 10.39 11.11 11.83 
San Fernando 2.03 3.32 4.6 5.53 5.7 6.71 7.69 8.65 9.35 9.44 10.66 12.19 
Tabas 2.06 2.82 3.61 4.54 5.41 5.75 5.93 6.09 6.38 6.78 7.23 7.8 
Coyote Lake 2.15 2.79 3.58 4.44 5.08 6.13 7.54 8.13 8.89 9.3 10.18 10.99 
Irpinia 1.66 2.64 3.83 4.94 5.91 6.52 7.09 7.85 8.3 8.36 9 10.64 
Victoria 1.83 2.71 3.55 4.41 5.51 6.85 8.5 10.08 11.44 12.66 13.45 13.84 
Mammoth 
Lakes 
2.84 4 5.14 6.19 8.03 9.25 9.35 9.5 10.06 10.98 11.89 12.48 
Coalinga 3.47 4.4 5.46 6.48 7.47 8.29 9.07 9.7 10.31 10.86 11.41 12.38 
Morgan 1.81 2.85 3.68 4.35 5.16 5.91 6.52 6.92 7.24 7.51 7.73 7.88 
Palm Springs 1.97 2.81 3.61 4.72 5.65 6.26 6.68 7.22 7.79 8.6 9.32 10 
Loma Prieta 3.38 3.75 4.28 5.29 6.31 7.51 8.7 9.84 10.79 11.71 12.72 14.09 
Northridge 1.68 2.51 3.27 3.96 4.74 5.5 6.23 7.05 7.84 8.49 9.2 10 
Table 4.13. Number of the models exceeding the limit state and the probability of failure 
Number of Failed Models 
𝑆𝑎(𝑇1) [g] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
LS4-a 3 10 12 12 12 12 12 12 12 12 12 12 
LS4-b 0 0 2 9 12 12 12 12 12 12 12 12 
Probability of Failure 
P(X>1.71 cm) 0.25 0.83 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
P(X>3.42 cm) 0.00 0.00 0.17 0.75 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 
4.6. Fragility Curves 
The results of the nonlinear analyses are used to estimate the fragility curves for four different 
limit states. Normal, Log-Normal and Weibull cumulative distribution types are compared.to find 
the best fitting curve for the computed 𝑃𝑓 result. The coefficient of determination R
2 and root mean 
square error (RMSE) are considered as goodness-of-fit measures. The best fitting curve should 
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have a higher value of the R2 and a lower RMSE value. The functions for Normal, Log-Normal 
and Weibull cumulative distribution are given Equation 4.1, 4.2 and 4.3, respectively. 
𝐹𝑥(𝑆𝑎) = Ф [
𝑆𝑎−𝜇
𝜎
]         (4.1) 
where Ф is standard normal cumulative distribution function, μ is the mean value and σ is the 
standard deviation of the normal distribution, respectively. 





]         (4.2) 
where μ is the mean value of the Log-Normal distribution, and σ is the logarithmic standard 
deviation. 





         (4.3) 
where α and γ are the shape parameters of Weibull cumulative distribution. 





Figure 4.7. Fragility curves for LS1-a 
 






























































Figure 4.9. Fragility curves for LS1-c 
 






























































Figure 4.11. Fragility curves for LS3 
 






























































Figure 4.13. Fragility curves for LS4-b 
Table 4.14. Goodness-of-fit measure values for LS1, LS2, LS3 and LS4 
Limit States 
Normal Log-Normal Weibull 
R2 RSME R2 RSME R2 RSME 
LS1-a 0.995 0.031 0.995 0.031 0.995 0.033 
LS1-b 0.983 0.047 0.990 0.036 0.977 0.055 
LS1-c 0.981 0.007 0.984 0.007 0.976 0.008 
LS2 0.992 0.038 0.988 0.048 0.993 0.034 
LS3 0.996 0.026 0.991 0.040 0.996 0.026 
LS4-a 1.000 0.003 1.000 0.008 1.000 0.002 
LS4-b 1.000 0.003 1.000 0.007 1.000 0.003 
 
The results showed that the Log-Normal distribution has higher R2 and lower RMSE values 
compared to Normal and Weibull distribution for base sliding (LS1) and excessive deformation 
(LS4) limit states. Therefore, the Log-Normal distribution was considered to be the best fit for the 
































distribution has the best fit for the tensile cracking at the upstream face (LS2) and neck of the dam 
(LS3) limit states. Table 4.15 lists the parameters of Normal, Log-Normal, and Weibull 
distributions. 
Table 4.15. Distribution parameters for LS1, LS2 LS3 and LS4 
Distribution LS1-a LS1-b LS1-c LS2 LS3 LS4-a LS4-b 
Normal 
μ 0.638 0.904 1.365 0.496 0.315 0.142 0.359 
σ 0.172 0.187 0.175 0.230 0.132 0.061 0.061 
Log-Normal 
μ 0.629 0.895 1.390 0.468 0.300 0.133 0.355 
σ 0.264 0.214 0.156 0.457 0.424 0.414 0.173 
Weibull 
γ 4.179 5.410 12.170 2.387 2.657 2.630 7.022 
α 0.699 0.974 1.375 0.568 0.358 0.161 0.382 
 
4.7. Kolmogorov-Smirnov (K-S) Test 
The Chi-Square and the Kolmogorov-Smirnov tests are the most commonly used methods to 
decide whether the assumed distribution type is acceptable or not. The Chi-Square test is based on 
the error between the observed and assumed probability density function (PDF) of the distribution. 
However, Kolmogorov-Smirnov test is based on the cumulative distribution function (CDF) of the 
distribution. Since fragility curves are CDFs, the Kolmogorov-Smirnov test is used in this study. 
Kolmogorov-Smirnov test compares the observed cumulative frequency and the CDF of an 
assumed theoretical distribution. After arranging the observed data in increasing order and 
corresponding theoretical data, the maximum difference between the observed cumulative 
frequency and the CDF of assumed theoretical distribution is estimated as: 
𝐷𝑛 = 𝑚𝑎𝑥|𝐹𝑋(𝑥𝑖) − 𝑆𝑛(𝑥𝑖)|         (4.4) 
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where 𝐹𝑋(𝑥𝑖) is the theoretical CDF of assumed distribution and 𝑆𝑛(𝑥𝑖) is the corresponding 
stepwise CDF of the observed ordered samples, and 𝑛 is the sample size, which is 12 in this study. 
If the maximum difference, 𝐷𝑛 is less than or equal to the 𝐷𝑛
𝛼, which is a tabulated value at 
significance level 𝛼, the assumed distribution be accepted at the significance level 𝛼.  
𝑃(𝐷𝑛 ≤ 𝐷𝑛
𝛼) = 1 − 𝛼          (4.5) 
In this study, 𝛼 = 5% is significance level is used and the corresponding 𝐷12
0.05 = 0.3754. The test 
results are given in Table 4.16 for each distribution type. The 𝐷𝑛 values are lower than 0.3754. 
Therefore, Normal, Log-Normal, and Weibull distributions are all acceptable with the significance 
level 5% for the K-S test. 
Table 4.16. The maximum difference, 𝐷𝑛 values  
Limit States Normal Log-Normal Weibull 
LS1-a 0.066 0.081 0.072 
LS1-b 0.110 0.081 0.121 
LS1-c 0.019 0.017 0.021 
LS2 0.333 0.374 0.324 
LS3 0.059 0.085 0.058 
LS4-a 0.011 0.250 0.006 
LS4-b 0.010 0.023 0.011 
 
4.8. Summary 
The summary of results for each limit state is given in Table 4.17. The 𝑆𝑎 at 5% probability of 
failure and the probability of failure of limit state at 1.0g spectral acceleration are presented. The 
base sliding displacement (LS1) and excessive deformation (LS4) results are given based on Log-
Normal distribution results. However, the tensile cracking (LS2 and LS3) results are presented 
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based on Weibull distribution results. The 5% probability of failure is common in civil engineering 
to check the safety of structures.  
 
Table 4.17. The summary of results 
Limit State (LS) 𝑺𝒂 at 5% probability (g) Probability at 1.0g 𝑺𝒂 (%) 
LS1-a      2.5 cm 0.41 96.07 
LS1-b      5.0 cm 0.63 70.74 
LS1-c    15.0 cm 1.08 1.74 
LS2 0.16 98.86 
LS3 0.12 100.00 
LS4-a     1.71 cm 0.07 100.00 





CHAPTER 5. SUMMARY AND CONCLUSION 
Fragility curves are an important tool for evaluating the hazard levels and making structural risk 
assessments of infrastructure assets. They provide information about the vulnerability of structures 
corresponding to given demand levels. In this study, the fragility curves are calculated for a 
specific dam as a case study to demonstrate the methodology adopted in this research. Hence, the 
presented information is exclusively about the vulnerability of the Pine Flat Dam that was chosen 
for the case study. The Latin Hypercube Sampling method is used as a practical and efficient way 
to evaluate structural uncertainties in lieu of the more demanding Monte Carlo Simulation method 
whose computational cost is prohibitive given the available resources. The earthquake ground 
motion data used in this study are obtained based on the target spectrum of Pine Flat Dam site. 
Non-linear dynamic analyses are performed by considering the effects of dam-reservoir-
foundation rock interactions considering flexible foundation effects, compressible water, and 
absorptive reservoir bottom materials. 
The following conclusions can be drawn from this study: 
 The effect of minimum principal stresses on the tensile cracking capacity of the dam is 
low, at about 1-2%, due to the low minimum principal stresses, which is about 0 - 0.5 MPa, 
when the maximum principal stress is maximum. Hence, this effect can be neglected in 
future studies. 
  The Log-Normal distribution type is the most suitable distribution for the base sliding 
fragility curve. The Weibull distribution type is the most suitable distribution for tensile 
cracking fragility curve. 
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 The probability of failure of tensile cracking is seen more probable than the sliding of the 
dam. The 5% probability of failure of tensile cracking is at 0.12g spectral acceleration 
whereas that of 2.5 cm base sliding is at 0.41g spectral acceleration.  
 The probability of failure for base sliding (LS1-b) and tensile cracking (LS3) at 1.0g 
spectral acceleration are calculated 70.74% and 100.00%, respectively. 
 The loss of reservoir control, which is estimated to happen at 15 cm base sliding limit state, 
is unlikely for a moderate to strong earthquakes. 
 The tensile cracking at the neck of the dam is found to be the most critical limit state with 
100.00% probability of failure at 1.0g spectral acceleration. 
 The probability of excessive deformation of the dam is found to have a significant 
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